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Although direct methods using sequential quadratic programming, such as direct collocation, have been widely
applied to trajectory optimization problems, optimization results for these methods are sensitive to initial solutions
in some cases. For the purpose of finding an appropriate initial solution to gradient-based direct trajectory op-
timization, a numerical trajectory optimization method using a real-coded genetic algorithm (GA) is considered.
Because a typical GA solves unconstrained optimization problems, the penalty function has usually been used as
the selection criterion of surviving individuals. However, the convergence properties of this conventional method
are sensitive to the penalty parameter. Therefore, a new method that robustly achieves global optimization of the
objective function and the feasibility search even with a large penalty parameter is proposed. The proposed method
is applied to the constrained brachistochrone problem and a space plane reentry problem. Results indicate promis-
ing performance of the proposed method in providing appropriate initial solutions for gradient-based trajectory
optimization.

Introduction

T RAJECTORY optimization plays an important role in the field
of aerospace, because aircraft and spacecraft are often required

to achieve maximum performance in severe environments. Thus,
many numerical methods have been proposed and applied to trajec-
tory optimization problems in the field of aerospace. Most of these
methods utilize the gradient information of objective/constraint
functions, and they can be categorized into two types, indirect or
direct.1 In the indirect methods, the two-point or multipoint bound-
ary value problem of the state variables and the adjoint variables2

is solved by gradient algorithms, such as the sequential conju-
gate gradient-restoration algorithm,3 the modified quasilinearization
algorithm,4 and indirect multiple shooting.5 In the direct methods,
the trajectory optimization problem is converted into a nonlinear
programming (NLP) problem and is solved by NLP techniques,
such as sequential quadratic programming (SQP). Direct multiple
shooting6,7 and direct collocation (DC)8−10 are well known as the di-
rect methods. Compared to the indirect methods, the direct methods
have advantages in terms of robustness of convergence and flexible
applicability to practical complex problems. However, optimization
results for the direct methods are still sensitive to initial solutions in
some cases; i.e., a poor initial solution may converge on an infeasi-
ble solution or a local optimum in highly nonlinear or multimodal
problems.

On the other hand, genetic algorithms (GAs), which are inspired
by the evolution of biological systems, have been applied as a pre-
liminary search method to find initial solutions to gradient-based
optimization methods.11−13 Although it is recognized that GAs are
generally not computationally competitive against gradient-based
methods,1 they are useful in finding appropriate initial solutions for
gradient-based methods due to their global search capability. This
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paper considers a numerical trajectory optimization method using
a GA to find an appropriate initial solution for the gradient-based
methods. We adopt a real-coded GA,14 because it generally achieves
efficient search by covering the continuity and the interdependency
of optimized variables.

Because a typical GA solves unconstrained optimization prob-
lems, the penalty function has usually been used as the selection
criterion for surviving individuals. However, the convergence of
this conventional method is sensitive to the penalty parameter. If
the penalty parameter is substantially larger than its optimum value,
which cannot be estimated a priori, the individuals tend to pre-
maturely converge on a local minimum. On the other hand, if the
penalty parameter is smaller than its optimum value, the individuals
probably cannot converge on a feasible region. Thus, some remedies
have been applied in the selection process to eliminate the difficulty
of the penalty function method for GAs. There are some methods
that evaluate the Euclidean distance between individuals as part of
the selection criteria. Typical examples are niche formation15 and
distance dependent alternation (DDA).16 These methods avoid pre-
mature convergence by preserving diversity of population as much
as possible. Nevertheless, their performance is dependent on the
problem and still sensitive to the value of the penalty parameter. In
Ref. 17, the penalty parameter is adaptively adjusted based on the
population’s mean and the best value of the penalty function, and
successful results of the constrained optimizations are demonstrated.
However, this method requires the introduction of additional param-
eters to update the penalty parameter. As with the penalty parameter,
appropriate values of these additional parameters will depend on the
problem. Moreover, this method excludes the objective function in
the selection criterion by the time the population has at least one
feasible individual. This exclusion may encourage the individuals
to move toward a local minimum.

On the other hand, our paper proposes a new selection method
using a penalty function with a fixed penalty parameter. In the pro-
posed method, the selection of surviving individuals is carried out
based on multiple criteria, that is, ranking by objective function,
ranking by penalty function, and distances between individuals.
In ranking by the objective function as well as the penalty func-
tion, the objective function is considered in the selection in all gen-
erations, while the individuals are encouraged to move toward a
feasible region. These ranking strategies are similar to the Pareto
ranking and the cost ranking adopted in COMOGA (constrained
optimization by multiobjective genetic algorithms).18 However, the
proposed method aims to avoid premature convergence by evaluat-
ing the distances between individuals as one of the selection criteria.
This strategy is not supported in COMOGA. Furthermore, unlike
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the adaptive penalty method and COMOGA, the proposed method
is free from the additional parameters that depend on problems
to be solved.

Through application to the constrained brachistochrone problem,
robust convergence of the proposed method is demonstrated. Fur-
thermore, the proposed method is applied to a space plane reentry
problem, and the effectiveness of the proposed method for a practical
problem is confirmed.

Conversion to NLP Problem
Let x(t) be the state variables, let u(t) be the control variables, and

let p be the static unknown parameters. The trajectory optimization
problem covered in this study is defined as follows. Minimize the
objective function,

J = φ(x(t f ), u(t f ), p) (1)

under the following constraints.
1) State equations:

ẋ(t) = f (x(t), u(t), p) (2)

2) Initial conditions at time t = t0:

χ0E (x(t0), u(t0), p) = 0, χ0I (x(t0), u(t0), p) ≤ 0 (3)

3) Path constraints during the time interval t ∈ [t0, t f ]:

S(x(t), u(t), p) ≤ 0 (4)

4) Terminal conditions at time t = t f :

χ f E (x(t f ), u(t f ), p) = 0, χ f I (x(t f ), u(t f ), p) ≤ 0 (5)

Note that initial state variables x0, initial time t0, and terminal time
t f are incorporated into p, if they are unknown.

The trajectory optimization problem is converted to an NLP prob-
lem in the following way. The time interval [t0, t f ] is divided into
M intervals [t0, t1], . . . , [tM − 1, tM ] (tM = t f ) and the boundary time
ti of each interval is defined as follows:

ti = ti + 1 · k1/ i
i (0 < ki < 1, i = M − 1, . . . , 1) (6)

where ki (i = 1, . . . , M − 1) denote the parameters that determine
the length of the time intervals. It should be noted that if ki (i =
1, . . . , M − 1) are the uniform random numbers in the range
(0, 1), ti (i = 1, . . . , M − 1) are distributed uniformly in the range
(t0, tM ) with the proper order t0 < t1 < · · · < tM − 1 < tM . The con-
trol variables ui at each bound ti (i = 0, . . . , M) and the time
interval parameters ki are regarded as the NLP variables. Then
u(t) at arbitrary times are determined by the natural cubic
spline interpolation of ui . In addition, x(t) at arbitrary times
are obtained by numerical integration (fourth order Runge–Kutta
method) of the state equations (2). Furthermore, path constraints
(4) are evaluated at every step of the numerical integration
t j ( j = 0, . . . , N , tN = t f ).

Thus, the converted NLP problem is expressed as follows: for
variables,

X = [
uT

0 , uT
1 , . . . , uT

M , k1, . . . , kM − 1, pT
]T

(∈ R
n) (7)

minimize

F(X) = φ(x(tN ), u(tN ), p)(∈ R) (8)

subject to

G(X) =
[
χ0E (x(t0), u(t0), p)

χ f E (x(tN ), u(tN ), p)

]
= 0(∈ R

m E ) (9)

H(X) =






χ01(x(t0), u(t0), p)

S0(x(t0), u(t0), p)

...

SN (x(tN ), u(tN ), p)

χ f 1(x(tN ), u(tN ), p)






≤ 0(∈ R
m I ) (10)

This NLP formulation has the merit of a relatively small number of
variables. Moreover, the addition of the time interval parameters ki

into the NLP variables makes it possible for the spline function to
behave smoothly. In this study, a GA was applied to the NLP problem
(7–10) and the GA solution was applied as the initial solution to a
DC formulation of the problem.

Genetic Algorithm
The real-coded GA, in which the NLP variables vector X is re-

garded as the gene of each individual, is used in this study. The
algorithm of this approach is outlined as follows.

Step 1: Initialization
The initial NP population of the NLP variables is prepared at

random. Each NLP variable is determined by the uniform random
numbers. The infeasible solutions in which the numerical integration
fails are not included in the initial NP population.

Step 2: Crossover
Multiparental unimodal normal distribution crossover14 (UNDX-

m) is used as the crossover model. This model achieves an efficient
global search. The algorithm of UNDX-m is as follows: (m + 2)
parents X(1)

P , . . . , X(m + 2)

P are selected at random. The median point
of the first (m + 1) parents is defined as XG ; i.e.,

XG = 1

m + 1

m + 1∑

i = 1

X( j)
P (11)

The difference vectors of each parent are defined as

d̂( j) = X( j)
P − XG, ( j = 1, . . . , m + 2) (12)

Let D̂ be the length of the component of d̂(m + 2) orthogonal to
d̂(1), . . . , d̂(m). Moreover, let ê(1), . . . , ê(n − m) be the orthonormal ba-
sis of the subspace orthogonal to d̂(1), . . . , d̂(m). Generate children
X(i)

C (i = 1, . . . , NC ) by the equation

X(i)
C = XG +

m∑

j = 1

w j d̂( j) + D̂
n − m∑

j = 1

v j ê( j) (13)

where w j , v j are random numbers that conform to the normal dis-
tribution with 0 mean and variance of σ 2

w, σ 2
v respectively. σw, σv

are specified by the value recommended in Ref. 14:

σw = 1√
m

, σv =
√

3(m + 1)

2(n − m)(m + 2)
(14)

Step 3: Selection
Select the surviving individuals from the (m + 2) parents and the

NC children based on some criteria. The details of the new selection
method are proposed in the next section.
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Step 4: Termination Check
If the generation number (step 2–step 4 correspond to one gen-

eration) equals the specified number NG , terminate the algorithm.
Otherwise, return to step 2. (End)

No mutation scheme is performed in the above GA, because
UNDX-m crossover also plays the role of mutation, i.e., random
perturbation of the created NLP vector.

Selection Method
In step 3 of the GA, a fitness function is usually used as a criterion

of selection. In order to handle the constraints, a penalty function
has been used frequently as part of the fitness function, of the form

Fr (X) = F(X) + r E(X) (15)

E(X) =
m E∑

i = 1

|Gi (X)| +
m I∑

i = 1

max[0, Hi (X)] (16)

where r and E(X) denote the penalty parameter and the constraint
error, respectively. Because the optimal value of r cannot be esti-
mated a priori, r is usually specified as an arbitrarily large value so
that the global minimum of the penalty function (15) becomes that
of the original NLP problem (7–10). However, the individuals tend
to converge on a local minimum in the case of large r , because the
contribution of the objective function to the penalty function with
large r is small, especially in the early stages of evolution (i.e., when
the constraint error of each individual is large).

Therefore, this study proposes a new selection method in which
the objective function is considered in the selection at all stages of
evolution. The algorithm is as follows.

Step 3.1
Rank the generated NC children in ascending order on the penalty

function. Set the rank parameter i = 1.

Step 3.2

Carry out the selection with respect to the i th child X(i)
C : if there

are some parents X( j)
P that satisfy both

F
(
X(i)

C

) ≤ F
(
X( j)

P

)
(17)

Fr

(
X(i)

C

) ≤ Fr

(
X( j)

P

)
(18)

replace the nearest parent X(n)

P with X(i)
C [i.e., ‖X(n)

P − X(i)
C ‖2 is

minimum among the parents that satisfy both requirements (17)
and (18)]. If the replacement was performed, or i = NC , or there are
no parents that satisfy (18), go to step 3.3. Otherwise, set i → i + 1
and repeat step 3.2.

Step 3.3
Newly rank the children in ascending order on the objective func-

tion and set the rank parameter k = 1.

Step 3.4

Carry out the selection with respect to the kth child X(k)

C : if there
are some parents X( j)

P that satisfy

Fr

(
X(k)

C

)
< Fr

(
X( j)

P

)
(19)

replace the nearest parent X(n)

P with X(k)

C . If the replacement was
performed, or k = NC , go to step 4. Otherwise, set k → k + 1 and
repeat step 3.4.

In this method, decrease of the penalty function is required in the
form of inequalities (18) and (19) for every replacement. Therefore,
in the case where the penalty parameter is sufficiently large, con-
vergence of the individuals on the feasible region is guaranteed. In
steps 3.1 and 3.2, decrease of the objective function is also imposed
for replacement, and it causes the objective function to be strongly

reflected in the selection even at the early stage of evolution. How-
ever, evolution with only steps 3.1 and 3.2 can stagnate in the case
where there are infeasible solutions that give an objective function
smaller than the global optimum in the feasible region, because in-
crease of the objective function is not allowed in steps 3.1 and 3.2.
To remedy this drawback, increase of the objective function is al-
lowed in steps 3.3 and 3.4 if necessary, and the increase is kept as
small as possible by ranking the children on the objective function.
Furthermore, diversity of the population is kept as great as possible
by prioritizing the nearer parent as the target for replacement.

Application to Simple Test Problem
The GA proposed in the preceding section was applied to the

constrained brachistochrone problem2,10 (Fig. 1). This simple and
well-known problem is defined as follows:

1) The state equations (path angle γ is the control variable) are

ẋ = v cos γ (20)

ẏ = v sin γ (21)

v̇ = g sin γ (22)

2) The initial conditions at fixed time t = t0(= 0) are

x(t0) = y(t0) = v(t0) = 0 (23)

3) The path constraints are

y ≤ x/2 + h (24)

4) The terminal conditions at unknown time t = t f (≥ 0) are

x(t f ) = l (25)

5) The objective function to be minimized is

J = t f

√
g/(πl) (26)

where the parameters were specified as

l = 1, h = 0.1, g = 1 (27)

The number of divided time intervals for the control variable γ (t)
was M = 10, and the number of steps in the numerical integration
was N = 100. The GA parameters and the range of the initial GA
population were specified by the following values:

NP = 100, NC = 50, NG = 2 × 104, m = 4 (28)

0 ≤ γ ≤ 90 [deg], 0 ≤ t f ≤ 2
√

πl/g (29)

The number of individuals NP and the crossover number NC were
set to be several times larger than the number of NLP variables,
considering the compromise between the global search performance
and the rate of convergence. By monitoring the results of a trial run,
the maximum generation number NG was determined as the value
for which further improvement of the average of the penalty function
could be regarded as negligible.

The convergence properties of the proposed GA were compared
with those of a conventional real-coded GA, which adopts −Fr (X)
as the fitness function and uses DDA16 as the selection method in
step 3. Both GAs were applied to the constrained brachistochrone

Fig. 1 Constrained brachis-
tochrone problem.
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Fig. 2 Population average of objective function.

Fig. 3 Population average of constraints error.

problem under three conditions, r = 103 (too large), r = 10 (nearly
optimal), and r = 0.1 (too small).

Figures 2 and 3 show the population average of the objective
function and that of the constraints error for each generation. As can
be seen, the conventional GA with both r = 10 and r = 103 showed
rapid increase of the objective function in conjunction with rapid de-
crease of the constraints error. Although the objective function with
r = 10 approached the analytical minimum asymptotically there-
after, the objective function with r = 103 prematurely converged on
the local minimum. In addition, the individuals with r = 0.1 con-
verged on an infeasible solution [t f , x(t f )] = (0, 0). Although the
conventional GA with DDA selection is regarded as robust to highly
nonlinear problems,16 these results indicate that it is sensitive to the
choice of the penalty parameter.

On the other hand, in the proposed GA, with both r = 10 and
r = 103, the objective function increased gradually after the rapid
decrease and approached the analytical minimum asymptotically.
Although the constraints error showed slow decrease until the ob-
jective function reached the analytical minimum, it decreased sig-
nificantly thereafter and eventually became smaller than that of
the conventional GA. These results indicate that the proposed GA
robustly achieved the global search of the objective function and
the feasibility search even with a large penalty parameter. It can
also be seen that the proposed GA with r = 0.1 showed conver-
gence on the infeasible solution [t f , x(t f )] = (0, 0). Thus, even
in the proposed GA, the penalty parameter must be larger than
optimum.

Figure 4 shows the objective function and the constraints error
of the best individual (i.e., the individual whose objective func-
tion is the best among the population) in the case r = 103. As can
seen, both the objective function and the constraints error of the
best individual showed almost the same shift tendency as those of
the population average. Thus, a large number of generations are re-
quired even to make the best individual converge on a reasonable
solution. This computational expense is a drawback of the proposed
GA, but it results from the prevention of the hasty reduction of the
constraints error to successfully attain the global optimum of the
objective function.

The path angle of the best individual in the final generation under
each condition is shown in Fig. 5. The solutions with r = 0.1 are
not shown in Fig. 5, because they converged on t f = 0. As can be
seen, whereas the solution of the conventional GA with r = 103

Fig. 4 Objective function and constraints error of best individual (pro-
posed GA, r = 103).

a) Proposed GA

b) Conventional GA

Fig. 5 Control variable γ(t) of the GA solution.

Fig. 6 Control variable γ(t) of the DC solution.

obviously converged on the local solution, the other three solutions
(the solution of the conventional GA with r = 10 and the solutions of
the proposed GA with r = 10 and r = 103) are close to the analytical
solution. In addition, the solutions of the proposed GA are closer to
the analytical solution than that of the conventional GA with r = 10.

In the next phase, giving the best individual of the proposed GA
with r = 103 as the initial solution, DC with SQP9 was carried out.
In DC, the number of nodes was specified as 100 and trapezoidal
integration was employed. The path angle and the trajectory of the
DC solution are shown in Figs. 6 and 7, respectively. It can be seen
that the DC solution is substantially close to the analytical solution,
and we can confirm that finding an appropriate initial solution by
the proposed GA worked.
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Fig. 7 Trajectory of the DC solution.

Optimization of Space Plane’s Reentry Trajectory
Let us consider a space plane’s reentry trajectory problem. The

goal of the optimization is to choose an angle of attack and a bank
angle such that the final cross range is maximized. This problem
is highly nonlinear and it is difficult to find an appropriate initial
solution without enough knowledge of the physics.

The simulated space plane was assumed to be a horizontally tak-
ing off, horizontally landing single stage to orbit (SSTO), and its
aerodynamic coefficients CL , CD were based on the NAL zeroth
configuration.19 Approximating the dynamics of the space plane as
a point mass model, the problem was defined as follows.

1) State equations:

V̇ = − D

m
− µ

R2
sin γ (30)

ḣ = V sin γ (31)

γ̇ =
(

V

R
− µ

R2V

)
cos γ + L cos σ

mV
(32)

ψ̇ = − V cos γ sin ψ tan φ

R
+ L sin σ

mV cos γ
(33)

φ̇ = V cos γ sin ψ

R
(34)

where the Earth was assumed to be a sphere and its rota-
tion was neglected. The variables are defined as follows: V ,
velocity; h, altitude; R, geocentric distance; γ , flight-path an-
gle; ψ , azimuth; φ, latitude; α, angle of attack; σ , bank an-
gle; m, mass (83.6 × 103 [kg]); L , lift ( = ρV 2CL S/2); D, drag
( = ρV 2CD S/2); S, wing area (= 534.6 [m2]); ρ, atmospheric den-
sity (= 1.225 exp(−1.5 × 10−4h)[kg/m2]; and µ, gravitational con-
stant of the Earth.

2) Initial conditions at fixed time t = t0 = 0[s]:

V (t0) = 7800 [m/s], h(t0) = 80 × 103 [m]

γ (t0) = −1 [deg], ψ(t0) = 90 [deg]

φ(t0) = 0 [deg] (35)

3) Path constraints:

0 ≤ α ≤ 40 [deg], −90 ≤ σ ≤ 90 [deg] (36)

h ≥ 0 [m] (37)

nL F = (L cos α + D sin α)

(mg0)
≤ 2.5 (38)

q = ρV 2

2
≤ 5.0 × 104 [Pa] (39)

Q̇ = 6.463 × 10−5√ρV 3.07 ≤ 3.0 × 105 [W/m2] (40)

where nL F , q, and Q̇ denote the load factor, the dynamic pressure,
and the heating rate at the stagnation point, respectively.

4) The terminal conditions at unknown time t = t f [s] are

V (t f ) = 760 [m/s], h(t f ) = 24.4 × 103 [m]

γ (t f ) = −5 [deg] (41)

This terminal condition is referred to as the terminal area energy
management interface.

5) Objective function to be minimized:

J = −φ(t f ) (42)

The minimization of the objective function (42) is equivalent to the
maximization of the cross range.

The number of divided time intervals for the control variables
α(t), σ (t), was M = 15, and the number of steps in the numeri-
cal integration was N = 100. In addition, the scale of the objective
function and the constraints were coordinated by multiplying by
appropriate values. The GA parameters and the range of the initial
GA population were specified by the following quantities:

NP = 500, NC = 200, NG = 5 × 104

m = 4, r = 100 (43)

0 ≤ α ≤ 40 [deg], 0 ≤ σ ≤ 90 [deg]

1000 ≤ t f ≤ 4000 [s] (44)

Considering the high nonlinearity of the problem, the number of
individuals NP and the crossover number NC were several times
larger than those used in the constrained brachistchrone problem.
The final generation number NG was determined in the same way
as that in the constrained brachistchrone problem. Furthermore, the
penalty parameter r was specified by an arbitrarily large value.

The best individual at the final generation of the proposed GA was
provided as an initial solution to DC with SQP, and DC minimized
the solution further. In DC, the number of nodes was specified as
100 and trapezoidal integration was employed.

Figure 8 shows the time histories of the angle of attack α and the
heating rate Q̇. As can be seen, the angle of attack was constrained
by the heating rate boundary for a while, and then it was approxi-
mately kept to 12 deg, which gives maximum lift-to-drag ratio for

Fig. 8 Control variable α(t) and heating rate history of the obtained
solutions.

Fig. 9 Control variable σ(t) of the obtained solutions.
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Fig. 10 The h–V trajectories of the obtained solutions.

Fig. 11 Control variable σ(t) of the obtained solutions.

the simulated model at hypersonic speed. The time history of bank
angle σ , the h–V trajectory, and the time history of latitude φ are
shown in Figs. 9, 10, and 11, respectively. It can be seen that the GA
solution and the DC solution are very close and they both have the
same properties of the shuttle’s maximum cross-range trajectory.10

These results indicate that the proposed GA is reliable in finding an
initial solution for gradient-based trajectory optimization. Finally,
it should be noted that some knowledge of the problem is required
in the end to judge the physical reasonableness of the GA solution
just as we have done in this example (i.e., checking the trajectory
against the shuttle’s maximum cross-range trajectory).

Conclusions
To provide an appropriate initial solution to gradient-based direct

trajectory optimization, this study proposes a new selection method
for a real-coded genetic algorithm (GA). Through application to
the constrained brachistochrone problem, it was demonstrated that
the proposed GA robustly performed global search of the objec-
tive function and feasibility search even with a fixed large penalty
parameter. Furthermore, the proposed GA was applied to the opti-
mization of a space plane’s reentry trajectory problem, which had a
complexity of practical interest. It was observed that the solution of
the proposed GA approached the vicinity of the optimal solution,
and it was reliable enough as an initial solution to gradient-based
trajectory optimization.
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